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The flavor composition of high-energy astrophysical neutrinos is a rich observable. However,
present analyses cannot effectively distinguish particle showers induced by νe versus ντ . We show
that this can be accomplished by measuring the intensities of the delayed, collective light emission
from muon decays and neutron captures, which are, on average, greater for ντ than for νe. This new
technique would significantly improve tests of the nature of astrophysical sources and of neutrino
properties. We discuss the promising prospects for implementing it in IceCube and other detectors.
Introduction.— High-energy astrophysical neutri-
nos, long sought, were recently discovered by the IceCube
Collaboration [1–6]. Their energy spectrum provides im-
portant clues about extreme astrophysical sources as well
as neutrino properties at unexplored energies. However,
pressing mysteries remain.
Exploiting the flavor composition — the ratios of the
fluxes of νe + ν¯e, νµ + ν¯µ, and ντ + ν¯τ to the total flux —
offers crucial additional clues. In the nominal scenario, a
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⊕ at Earth [7,
8]. Even for arbitrary flavor composition at the source,
the maximal range of flavor composition at Earth with
only standard mixing is surprisingly narrow [9], making
deviations sensitive indicators of new physics [10–39].
So far, IceCube measurements of the flavor composi-
tion mostly separate muon tracks — made primarily by
charged-current (CC) νµ + ν¯µ interactions — from parti-
cle showers — made by all other interactions. A signifi-
cant limitation is their poor ability to distinguish between
CC interactions of νe and ντ (unless noted, νl refers to
νl + ν¯l).
Synopsis of the paper.— We propose a new tech-
nique to break this νe-ντ degeneracy, one that could work
for a wider range of energies than existing ideas (Glashow
resonance [40–42], double pulses [43], double bangs [7],
and lollipops [44]).
We introduce two new shower observables. In show-
ers, many low-energy muons and neutrons are produced;
after delays, the muons decay and the neutrons capture.
We call the collective Cherenkov emission from the many
independent decays and captures the muon echo and the
neutron echo. We show that the echoes are brighter for
ντ -initiated than for νe-initiated showers, which could al-
low them to be distinguished on a statistical basis.
Our focus is pointing out new observables to help
solve the important problem of flavor identification. The
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FIG. 1. Flavor composition fl,⊕ (l = e, µ, τ) of astrophysical
neutrinos at Earth. Each axis is read parallel to its ticks.
Orange: the IceCube fit [5]. Blue: the expected precision of
our proposed technique (for the case fe,⊕ = fτ,⊕), assum-
ing 100 showers of 100 TeV with well-detected echoes. Re-
sults for other energies are similar, but collecting 100 showers
with echoes will likely require a larger detector than IceCube.
Green: the standard expectation [7, 8] and maximal range
with standard mixing [9].
technical aspects of implementation require experimen-
tal expertise. Nevertheless, in a preliminary evaluation,
grounded in the measured properties of IceCube, we find
the detection prospects promising.
Figure 1 shows that the present νe-ντ degeneracy in
IceCube elongates the contours of the measured flavor
composition [5]. It also shows how detecting echoes could
refine these measurements, probing the flavor composi-
tion better than the maximal range with standard mix-
ing [9], which would lead to powerful conclusions.
High-energy neutrino signatures.— At present,
IceCube identifies neutrino-initiated events only as tracks
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2and showers, for which the Cherenkov light appears to
emanate from approximate lines and spheres. Tracks are
caused by muons, which travel up to ∼ 10 km in ice [2],
due to their low interaction and decay rates. Showers are
caused by all other neutrino-induced particles and extend
only ∼ 10 m in ice [2], due to the high interaction and
decay rates of their constituent particles.
Neutrinos produce secondaries through deep-inelastic
scattering [45–47]. A neutrino interacts with a nucleon N
via the CC channel νl+N → l+X or the neutral-current
(NC) channel νl + N → νl + X, where l = e, µ, τ , and
X represents hadrons. A fraction (1− y) of the neutrino
energy goes to the final-state lepton; the remaining frac-
tion y goes to the final-state hadrons. The inelasticity
distribution peaks at y = 0 and has an average 〈y〉 ≈ 0.3
at 100 TeV, for both ν and ν¯, CC and NC.
Tracks are produced by νµ CC interactions plus 17% of
ντ CC interactions where the tau decays to a muon [48].
Showers are produced by all other neutrino interac-
tions. For νe CC interactions, the electron- and hadron-
initiated showers combine, and their sum energy equals
the neutrino energy. For ντ CC interactions, the tau de-
cays promptly, so again the showers combine (when the
tau does not decay to a muon); the neutrino energy esti-
mate is slightly biased because ∼ 25% of its energy is lost
to outgoing neutrinos from tau decay. For NC interac-
tions of all flavors, the hadron-initiated shower carries a
fraction y of the neutrino energy; because of the steeply
falling neutrino spectrum, NC interactions are subdomi-
nant in the total shower spectrum [49]. (This is also true
for misidentified νµ CC interactions that appear to be a
shower event because the track is missed [34].)
These points explain the basic features of the IceCube
results in Fig. 1. Because there are track events, the νµ
component of the flux must be nonzero; because there are
shower events, the sum of the νe and ντ components must
be nonzero. The similarity of νe- and ντ -initiated events
makes the contours nearly horizontal; the degeneracy is
weakly broken because increasing the ντ/νe fraction in-
creases the number of tracks and decreases the shower
energies. With present methods, improvement requires
much larger exposure [9, 50, 51].
Electromagnetic versus hadronic showers.—
The key to our new method is understanding the low-
energy physics underlying high-energy showers [52–59].
When showers are developing, particles multiply in
number while decreasing in energy. An electromagnetic
shower starts out with electrons, positrons, and gamma
rays and stays composed predominantly of them; there is
usually a small fraction of pions and nucleons produced
by photonuclear processes. A hadronic shower starts
out with pions and nucleons, and then builds up a pro-
gressively larger fraction of electromagnetic particles as
prompt pi0 → γγ decays deplete ∼ 1/3 of the remaining
hadronic energy with each shower generation.
Shower development ends when the average particle
energy is low enough that the particle- and energy-loss
rates exceed the particle-production rates. At that point,
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FIG. 2. Time evolution of the light yield of a hadronic
shower simulated with FLUKA, following injection of a 100-
TeV charged pion. The shaded bands are exponentials with
the respective timescales. For an electromagnetic shower of
the same prompt energy, the echoes are ∼ 10 times smaller.
the most abundant particles in all showers are ∼ 100-
MeV electrons and positrons, which produce most of the
prompt Cherenkov light. Pions carry only ∼ 10% of the
energy in hadronic showers and ∼ 1% in electromagnetic
showers. However, they are the key to separating elec-
tromagnetic and hadronic showers.
New shower observables.— At the end of shower
development, charged pions come to rest by ionization;
then pi− capture on nuclei and pi+ decay to µ+. The
µ+ decay with a lifetime of 2.2 µs, producing e+ with
∼ 35 MeV. The collective Cherenkov light from these
positrons is our first new observable: the muon echo.
Separately, neutrons lose energy by collisions until they
reach thermal energy. They eventually capture on hy-
drogen, with a timescale of ∼ 200 µs, producing 2.2 MeV
gamma rays. (In seawater, 33% of neutrons capture on
Cl; the emitted gamma rays have 8.6 MeV [60], making
the neutron echoes much more visible.) The gamma rays
Compton-scatter electrons to moderate energies, produc-
ing Cherenkov light. This collective emission is our sec-
ond new observable: the neutron echo.
We simulate showers and subsequent echoes using the
FLUKA Monte Carlo software (version 2011.2c-4) [61, 62].
We inject high-energy electrons or positrons to simulate
electromagnetic showers and charged pions to simulate
hadronic showers.
Figure 2 shows the averaged time profile of a 100-TeV
hadronic shower. Because the features happen on very
different timescales, it is appropriate to analyze their
light yield L in bins of log time. Accordingly, we plot
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FIG. 3. Numbers of muon decays and neutron captures
(scaled down by 10) per shower, as a function of shower en-
ergy, for electromagnetic and hadronic showers simulated with
FLUKA. The bands show 1σ intrinsic fluctuations.
dL/dlog t ∝ t dL/dt; this makes the height of the curve
proportional to its contribution to the integrated light
yield. The echo shapes are exponentials with the respec-
tive timescales. The echoes are well separated from the
prompt shower and from each other.
Figure 2 also shows that the echoes have low inten-
sities: the muon echo has ∼ 3 × 10−3 of the prompt
shower energy and the neutron echo has ∼ 6×10−4. The
first number results from the facts that 10% of hadronic
shower energy goes to pions, 10% of those pions are pi+
that come to rest and decay, and 30% of the pion decay
energy goes to positrons from muon decays. The second
number results from the facts that there are about 10
times more neutron captures than muon decays, that the
capture energy is about 20 times smaller, and that the
Cherenkov efficiency is about 3 times smaller.
The points above carry over for electromagnetic show-
ers, except for a crucial difference: the pions carry only
∼ 1% of the shower energy as opposed to ∼ 10%. Thus,
the echo intensities are expected to be ∼ 10 times higher
in hadronic showers than in electromagnetic showers.
Figure 3 shows that there are indeed about 10 times
as many muon decays and neutron captures in hadronic
showers. This difference is much larger than the intrinsic
fluctuations of these numbers. Because the number of de-
cays and captures, and, therefore, the light coming from
them, grows linearly with shower energy, this factor-of-10
difference between electromagnetic and hadronic showers
is present at all energies. The yields may have an overall
shift of up to a factor of 2 due to hadronic and nuclear
uncertainties [57, 63–65], but this can be calibrated by
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FIG. 4. Probability distributions of the numbers of muon
decays per shower (of energy 100 TeV) for different neutrino
interaction channels, each normalized separately.
external measurements [66–69] or in situ.
Separating νe and ντ .— We now examine how
echoes can be used to help identify the flavors of neutrino-
induced showers. In realistic neutrino interactions, the
differences in the echoes are less stark than above.
Showers initiated by νe are mostly electromagnetic be-
cause the outgoing electron typically carries more en-
ergy than the final-state hadrons. But showers initiated
by ντ are mostly hadronic because, in addition to the
shower from the final-state hadrons, 67% of tau decays
are hadronic. (NC showers are purely hadronic.)
We consider flavor separation at fixed shower energy,
as opposed to fixed neutrino energy, to make contact with
experiment. We simulate neutrino interactions with ap-
propriate energies to give Esh = 100 TeV, including 10%
energy resolution [70]. For NC interactions, we mimic the
final-state hadrons by directly injecting charged pions at
the shower energy.
Figure 4 shows how the numbers of muon decays per
shower are distributed for different neutrino interaction
channels. As expected, νe CC showers produce fewer
muons than ντ CC showers.
The basics of the distributions in Fig. 4 can be under-
stood easily. For pure electromagnetic showers, the peak
would be at ∼ 500 decays; it would be narrow because
most pions are produced late in the shower and the fluc-
tuations are mostly Poissonian. For pure hadronic show-
ers, the peak would be at ∼ 8000 decays; it would be
broad because there are large fluctuations in how much
energy goes into pi0 in the first few shower generations.
The shapes shown in Fig. 4 depend also on the y dis-
tributions for neutrino interactions. For νe CC events,
4the distribution is substantially broadened because the
differential cross section dσ/dy, while peaked at y = 0,
has a substantial tail. For ντ CC events, there is a slight
shift to the left, due to the 17% of tau decays to muons.
The results in Fig. 4 make it possible to distinguish
νe and ντ on a statistical basis. We next estimate the
sensitivity to flavor composition using the echoes from
an ensemble of events, assuming well-detected echoes.
First, we use the results in Fig. 4 to generate the muon
decay distributions for each flavor, assuming an equal
flux of νl and ν¯l, and NC to CC event ratios consistent
with a power-law spectral index of 2.5 [5]. Next, for
an assumed flavor composition, we randomly sample the
number of muon decays for each shower in an ensemble of
100 showers of Esh = 100 TeV. Then, we treat the flavor
composition fe,⊕ and fτ,⊕ as free parameters (fµ,⊕ =
1−fe,⊕−fτ,⊕) and use an unbinned maximum-likelihood
procedure to find their best-fit values. We generate 103
different realizations of the shower ensemble, and find the
average best-fit values and uncertainties of fe,⊕ and fτ,⊕.
Further details are in the Supplemental Material.
Figure 1 shows the predicted sensitivity on fe,⊕ and
fτ,⊕, assuming equal νe and ντ content, i.e., a compo-
sition of the form (x : 1− 2x : x)⊕, where x varies in
[0, 0.5]. The vertical shape of the band shows that the
sensitivity to fe,⊕ and fτ,⊕ does not depend on the νµ
content. (Because our method is only weakly sensitive to
fµ,⊕, we suppress its uncertainty in the plot.)
Our results are conservative. The sensitivity improves
slightly with shower energy. Assuming well-detected
echoes, the sensitivity is comparable whether we use
muon echoes only, neutron echoes only, or both. It is
also comparable, or better, for other choices of input pa-
rameters. See the Supplemental Material for details.
Observability of the echoes.— Echo detection de-
pends on how the echo light yield compares to that from
ambient backgrounds and detector transients. These
quantities are detector-dependent, and we use IceCube
as a concrete example, either for itself or to guide the
design of upgrades or future detectors.
The echoes are faint, but they are well localized, which
enhances their visibility. In space, like the parent shower,
they are concentrated among only the few photomul-
tiplier tubes (PMTs) on a single string that are clos-
est to the neutrino interaction vertex [71]. In time,
they occur ∼ 2.2 µs and ∼ 200 µs after the prompt
shower. These timescales require long-time data collec-
tion, made possible by the recent development of the Hit-
Spooling technique, which can go to hours for infrequent
events [72, 73]. In direction, the shower light is beamed
forward but the echo light is isotropic. Light scattering
makes the shower more isotropic and increases its dura-
tion [70], which could partially obscure the muon echo.
The total light yield of a shower in IceCube is ∼ 100
detected photoelectrons (p.e.) per TeV [2]. For 100 TeV,
the muon echo in a hadronic shower is expected to yield
∼ 30 p.e. (300 GeV) and the neutron echo ∼ 6 p.e
(60 GeV). At 30 p.e., IceCube can easily trigger on neu-
trino events of that yield [74]; the low efficiency at that
energy shown in many analyses reflects the need to reject
atmospheric muons. For echoes, because the place and
time of the preceding shower is known, IceCube could
restrict attention to a small number of PMTs, allow-
ing triggering on echoes with as few as 4 p.e. [73, 75].
The minimum energy for our method is thus at least
∼ 10 TeV.
Ambient backgrounds in IceCube do not eclipse the
echoes. For an average p.e. noise rate of ∼ 500 Hz per
PMT [76], the expected backgrounds in 2 and 200 µs
are only ∼ 10−3 and ∼ 10−1 p.e. per PMT, respectively.
(Even with correlated noise, due to nuclear decays near
the PMT, the backgrounds will be small in all but a
few PMTs, and those will be identifiable [77].) And the
cosmic-ray muon rate in IceCube is 3 kHz [2], so the
probability of a muon lighting up several specific PMTs
in the short time between shower and echo is small.
A serious concern is the detector transient called after-
pulsing, where a PMT registers late p.e. with total charge
proportional to the initial signal (the shower) and with a
time profile characteristic to the PMT. For the IceCube
PMTs, the muon echo will compete with an afterpulse
feature of relative amplitude ∼ 10−2Esh near 2 µs [76];
though larger than the echo, it is not overwhelmingly so.
Encouragingly, the neutron echo, though smaller, is late
enough that afterpulsing seems to be negligible.
In summary, the prospects for observing echoes are
promising, and they improve with shower energy. Do-
ing so may require changes in detector design or in PMT
technology [78, 79]; these considerations may shape the
design of IceCube-Gen2 [50], KM3NeT [80, 81], and
Baikal-GVD [82]. With multiple nearby PMTs [50, 81,
83], it may be possible to reconstruct individual events,
dramatically improving background rejection. The final
word on the observability of the echoes will come from
detailed studies by the experimental collaborations.
Conclusions.— The rich phenomenology contained
in the flavor composition of high-energy astrophysical
neutrinos cannot be fully explored due to the difficulty of
distinguishing showers initiated by νe versus ντ in neu-
trino telescopes. To break this degeneracy, we have in-
troduced two new observables of showers: the delayed,
collective light, or “echoes,” from muon decays and neu-
tron captures. This light reflects the size of the hadronic
component of a shower, and it is stronger in ντ -initiated
than νe-initiated showers.
Figure 1 shows the promise of our method. With 100
showers with well-detected echoes, this would improve
the separation of νe and ντ by a factor of ∼ 9 over present
measurements [5]. That is comparable to the estimated
sensitivity attainable with present techniques after more
than 15 years of exposure of the next-generation detector
IceCube-Gen2 [50, 51]. The observation of other flavor-
specific event signatures — Glashow resonance, double
bangs, double pulses, and lollipops — will further con-
strain the flavor composition.
The applications of tagging hadronic showers via muon
5and neutron echoes extend beyond flavor discrimination.
The technique could improve shower energy reconstruc-
tion, by folding in the probability of a shower being elec-
tromagnetic or hadronic. And, at the considered ener-
gies, the echoes are shifted forward along the shower di-
rection by ∼ 5 m from the shower peak. If this shift can
be detected, it would improve the poor angular resolu-
tion [70] of showers.
High-energy neutrino astronomy has just begun. We
are still learning the best ways to detect and analyze
astrophysical neutrinos. We should pursue all potentially
detectable signatures, moving closer to finding the origins
and properties of these ghostly messengers.
Note added: Preliminary results from a search for
echoes in IceCube data are very encouraging [84].
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8Supplemental Material
In the main text, we showed how detecting muon echoes can improve discrimination between νe-initiated and ντ -
initiated showers. We showed results using 100-TeV showers and a flavor composition of the form (x : 1 − 2x : x)⊕.
Here we provide more details on the statistical method and show how the results depend on choices of inputs.
In Appendix A, we present the underlying formalism for flavor discrimination per shower. In Appendix B, we
apply it to an ensemble of showers. In Appendix C, we discuss flavor discrimination at other shower energies. In
Appendix D, we discuss neutron echoes. In Appendix E, we show sensitivity results for other input choices.
To simplify the notation, we explicitly show the shower energy Esh dependence when defining a quantity, and
suppress it otherwise. In the probability definitions, we show ν CC cases explicitly; NC and ν¯ cases have similar
definitions, with CC replaced by NC, and ν replaced by ν¯.
Appendix A: Flavor discrimination for one shower
We calculate the probability that an observed shower, containing Nµ muon decays, was initiated by a neutrino νl,
of definite flavor l = e, µ, or τ .
The main observable of a shower is its measured energy Esh, which is proportional to the total collected light. This
is generally different from the true shower energy because of the detector energy resolution. Because the resolution is
narrow, we simply assume that the true shower energy is in the range [0.9, 1.1]Esh. This mimics the effect of having
a resolution of about 10% in Esh.
Using Bayes’ theorem, the probability that a shower with energy Esh and Nµ muon decays was initiated by a νl is
Pνl|Nµ (Esh) =
PCCNµ|νlP
CC
νl
+ PNCNµ|νlP
NC
νl∑
α=e,µ,τ
[(
PCCNµ|ναP
CC
να + P
CC
Nµ|ν¯αP
CC
ν¯α
)
+
(
PNCNµ|ναP
NC
να + P
NC
Nµ|ν¯αP
NC
ν¯α
)] . (A1)
Here, PCCνl (Esh) is the probability that a shower with energy Esh is produced by the CC interaction of a νl, which
we detail below, while PCCNµ|νl (Esh) is the probability that said shower yields Nµ muon decays, which is calculated via
FLUKA simulations and shown in Figs. 4 and A3 for different shower energies.
The probability PCCνl is defined as
PCCνl (Esh) =
NCCνl∑
α=e,µ,τ
(
NCCνα +N
CC
ν¯α
)
+
(
NNCνα +N
NC
ν¯α
) , (A2)
where NCCνl (Esh) is the number of νl-initiated showers generated by CC interactions. The denominator in Eq. (A2)
is the total number of showers initiated by all flavors of neutrinos and anti-neutrinos.
To calculate the number of showers, we use the “theorist’s approach” [25], assuming perfect detector efficiency at
the relevant energies. The final results on flavor discrimination are affected by only the relative, not the absolute,
event rates from different flavors. We consider a flux Fνl of νl (in units of GeV
−1 cm−2 s−1 sr−1) arriving at the
detector, which contains N target nucleons. The flux already includes any attenuation due to propagation in the
Earth. In observation time ∆t, within a neutrino solid angle ∆Ω, the number of detected νl-initiated CC showers in
an energy bin is
NCCνl (Esh) = N ·∆t ·∆Ω ·
∫ ∞
0
Fνl (Eν) · σCCν (Eν) · gCCνl (Eν , Esh) dEν , (A3)
where Eν is the neutrino energy and σ
CC
ν is the neutrino-nucleon CC cross section [45–47]. The function g
CC
νl
is the
probability that a neutrino with energy Eν creates a shower with energy Esh; it is different for each flavor.
• In νe CC interactions, all of the neutrino energy is deposited in the electromagnetic and hadronic showers. Accord-
ingly, we define
gCCνe =
{
1, if Eν ∈ [0.9, 1.1]Esh
0, otherwise
. (A4)
• In ντ CC interactions, the outgoing tau has numerous decay modes. All of them have outgoing neutrinos, which
carry away energy and do not appear in the shower, so that Esh . Eν . On average, the outgoing neutrinos carry
9away 40% of the tau energy, or 25% of the primary neutrino energy. For simplicity, we make gCCντ nonzero only in
the energy range Eν ∈ [0.9, 1.1]Esh/0.75. Since 17% of tau decays are into muons and neutrinos, without a shower,
we estimate
gCCντ =
{
0.83, if Eν ∈ [0.9, 1.1]Esh/0.75
0, otherwise
. (A5)
• In NC interactions, the energy deposited in the shower is the energy of the final-state hadrons, i.e., Esh = yEν . For
the shower energy to lie within 10% of Esh, the value of y must lie in the range [ymin, ymax], where ymin ≡ 0.9Esh/Eν
and ymax ≡ min{1.1Esh/Eν , 1.0}. Hence, we define
gNCνl (Eν) =
∫ ymax
ymin
dσNCν
dy (Eν , y) dy∫ 1
0
dσNCν
dy (Eν , y) dy
, (A6)
where dσNCν /dy is the y probability distribution for NC interactions [47]. However, because hadron-initiated showers
carry a small fraction y of the neutrino energy, and because the neutrino flux is steeply falling, NC showers are
subdominant to CC showers [49].
• In νµ CC interactions, the outgoing muon leaves an identifiable track. We exclude these events by setting
gCCνµ = 0 . (A7)
We have assumed that no track is misidentified as a shower; otherwise, the value of gCCνµ would be set to the
probability of mis-identification. As with NC events, these would be subdominant in the shower spectrum.
We write Eqs. (A1)–(A3) in a more useful way. Consider an all-flavor astrophysical neutrino flux ∝ E−γν and flavor
ratios at Earth (fe,⊕ : fµ,⊕ : fτ,⊕), such that the flux of νl is Fνl = fl,⊕F0E
−γ
ν , with F0 the normalization of the flux.
With this, Eq. (A3) becomes
NCCνl (Esh) = N ·∆t ·∆Ω · F0 · fl,⊕ · ICCνl (Esh) , (A8)
with the shorthand
ICCνl (Esh) ≡
∫ ∞
0
E−γν · σCCν (Eν) · gCCνl (Eν , Esh) dEν . (A9)
Finally, using Eqs. (A8) and (A9), and assuming equal flavor ratios for neutrinos and anti-neutrinos, Eq. (A1) becomes
Pνl|Nµ (Esh) =
fl,⊕
[
PCCNµ|νlI
CC
νl
+ PNCNµ|νlI
NC
νl
]
∑
α=e,µ,τ fα,⊕
[(
PCCNµ|ναI
CC
να + P
CC
Nµ|ν¯αI
CC
ν¯α
)
+
(
PNCNµ|ναI
NC
να + P
NC
Nµ|ν¯αI
NC
ν¯α
)] . (A10)
The probability that the shower with Nµ muon decays was created by a νl or a ν¯l is simply Pνl|Nµ + Pν¯l|Nµ .
Figure A1 shows this probability computed at Esh = 100 TeV, assuming a diffuse astrophysical neutrino flux with
spectral index γ = 2.5 and a flavor composition of
(
1
3 :
1
3 :
1
3
)
⊕, compatible with IceCube results [5]. The neutrino
is more likely to be a νe if there are fewer muon decays and a ντ if there are more decays. The probability that the
shower is from a νµ NC interaction (not shown) reaches at most 10%, at large values of Nµ.
Appendix B: Flavor discrimination for an ensemble of showers
We use the results from Appendix A to infer the fe,⊕ and fτ,⊕ flavor ratios of an ensemble of showers. We first
explain how we generate the artificial shower ensemble; then we show how to infer their flavor ratios.
To generate an ensemble of showers with energy Esh, we first assume a neutrino flux with spectral index γ = 2.5 and
“real” values for the flavor ratios
(
f re,⊕ : f
r
µ,⊕ : f
r
τ,⊕
)
. We then use the probability distribution functions of the number
of muon decays for each channel, PCCNµ|νl and P
NC
Nµ|νl (shown in Figs. 4 and A3), to construct the total probability
distribution of muon decays associated to that flux, by summing over all flavors and interaction channels:
Pµ,tot
(
Nµ;Esh,
{
f rl,⊕
})
=
∑
α=e,µ,τ
[
PCCNµ|να · PCCνα
(
f rα,⊕
)
+ PNCNµ|να · PNCνα
(
f rα,⊕
)]
+ [να → ν¯α] .
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FIG. A1. Probability that one neutrino-induced shower was
generated by a νe (via either CC or NC) or ντ , as a function
of number of muon decays. The curve for νµ is calculated but
not shown.
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FIG. A2. Distributions of muon decays for an ensemble of 100
showers of 100 TeV, for different choices of flavor composition
(fe,⊕ : fµ,⊕ : fτ,⊕), reflecting the central value and width of
the band in Fig. 1.
Figure A2 shows the total muon decay distribution for Esh = 100 TeV, for three choices of flavor composition. The
distribution for our nominal case
(
1
3 :
1
3 :
1
3
)
⊕ has a saddle shape, peaked at low number of decays due to the sharp
distribution of the νe CC channel. The height of this peak increases with fe,⊕.
We use the above distribution to randomly sample the number of muon decays for each shower, that is, we obtain
Nµ,i for i = 1, . . . , Nsh. These are our “real” data. We choose Nsh = 100, consistent with near-future expectations
for IceCube.
Merely to illustrate the flavor separation power given this sample size, we include binned data for this choice in
Fig. A2. The points and error bars show the expected number of showers per bin and its 1σ Poissonian fluctuation.
The power of flavor discrimination using muon echoes hinges on the ratio of the number of showers with few muon
decays — e.g., Nµ < 3000 — to the number of showers with many muon decays — e.g., Nµ > 6000. A higher ratio
drives fe,⊕ up and fτ,⊕ down, and vice versa.
For our actual analysis, we recover the flavor ratios f rl,⊕ of the ensemble via an unbinned maximum likelihood
approach. The likelihood function for a test flavor composition (fe,⊕ : fµ,⊕ : fτ,⊕), with fµ,⊕ ≡ 1− fe,⊕ − fτ,⊕, is
L (fe,⊕, fτ,⊕) = G(fµ,⊕)
Nsh∏
i=1
Pµ,tot (Nµ,i; fe,⊕, fτ,⊕) . (B1)
The Gaussian term, G(fµ,⊕), constrains the muon component from deviating too much from its true value, assuming
it can be measured from a separate track analysis. We choose the 1σ width of the Gaussian to be 0.12, consistent
with the present IceCube measurement [5].
The maximum value of the likelihood determines the best-fit values of fe,⊕, fτ,⊕, and fµ,⊕ = 1 − fe,⊕ − fτ,⊕. To
estimate the uncertainty on this value, we repeat the maximum likelihood procedure using 1000 random realizations
of the real data. Figure 1 shows the best-fit values and uncertainties on fe,⊕ and fτ,⊕ that result from this procedure,
assuming ensembles of Nsh = 100 showers each and real flavor ratios f
r
e,⊕ = f
r
τ,⊕ = (1− f rµ,⊕)/2, with f rµ,⊕ varying in
the range [0, 1].
Appendix C: Results for different energies
In the main text, we consider showers of 100 TeV; the normalized distribution of number of muon decays for this
shower energy is shown in Fig. 4.
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FIG. A3. Normalized distributions of the numbers of muon decays per shower of energy 10 TeV and 1 PeV for different neutrino
interaction channels. Note the changes in x-axis scale compared to Fig. 4.
Figure A3 shows the distributions at 10 TeV and 1 PeV. The same general shapes and behavior of the curves is
seen at all energies: νe-initiated CC showers have appreciably fewer muon decays than ντ -initiated CC showers and
NC showers. The main change is in the intensity of the muon echo, which scales roughly linearly with shower energy.
As the shower energy changes, there are moderate changes in the results. The value of 〈y〉 decreases with increasing
energy, which means that νe-initiated CC showers become more leptonic. And the y distributions for ν and ν¯ become
more similar at higher energies, and, therefore, so do their muon decay distributions. Therefore, the separation
between νe and ντ becomes cleaner at higher energies. This is evidenced by contrasting the panels in Fig. A3.
Appendix D: Results for neutron echoes
Like the muon echo, the neutron echo is a product of the hadronic component of a shower.
Figure A4 shows that the number of muon decays and the number of neutron captures is tightly correlated on
an event-by-event basis. Because of this, the probability distributions of the numbers of neutron captures behave
similarly to those of muon decays (Figs. 4 and A3), except for a scaling of the x-axis by a factor of about 10.
If we were to incorporate neutron echoes in our sensitivity estimate, Eq. (B1) would have an extra term∏Nsh
i=1 Pn,tot (Nn,i; fe,⊕, fτ,⊕) on the right-hand side, with Nn,i the number of neutron captures in each shower of
the ensemble. However, the distribution of number of neutron captures, Pn,tot, is essentially just Pµ,tot scaled up
by a factor of 10. Therefore, adding it to the likelihood would not alter the best-fit values of fe,⊕ and fτ,⊕ or their
uncertainties.
This is true from a theoretical perspective. However, from an experimental perspective, neutron echoes are attractive
because there seems to be less PMT afterpulsing at late times.
Finally, there is a third possible post-shower signal — the spallation echo — coming from the collective Cherenkov
light from beta decays of long-lived (∼ 0.1–10 s) unstable nuclei. These isotopes, which are a background in low-energy
neutrino detectors, are produced more efficiently in hadronic than electromagnetic showers, by a factor ∼ 10 [57–59].
While the spallation echo is not observable in IceCube or similar detectors due to ambient backgrounds, it might have
an application in another context.
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FIG. A4. Correlations between numbers of muon decays and neutron captures for individual 100 TeV νe CC shower. Note the
different axis scales.
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Appendix E: Results for other input choices
Figure A5 shows the flavor sensitivity, using muon echoes, for three different assumptions of the flavor composition
at Earth, including the one shown in Fig. 1.
For the choice of flavor composition in Fig. 1, the average 1σ uncertainty was 0.07. For (0 : 2x : 1 − 2x)⊕, with
x ∈ [0, 0.5], the best-fit values lie on the left axis of the plot; only the one-sided 1σ range, of size 0.01, is visible. For
(1 − 2x : 2x : 0)⊕, the best-fit values lie on the right axis of the plot; the one-sided 1σ range, of size 0.04, is visible.
These are two extreme choices. Their smaller uncertainties are due to the fact that the total distribution of muon
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decays of the shower ensemble is dominated by the distribution from either νe-initiated or ντ -initiated CC showers.
Hence, our nominal choice of flavor composition, in Fig. 1, was conservative, as it has the largest uncertainty.
At fixed shower energy, the uncertainty on the νe fraction scales as
√
Nsh, subject to some caveats. When Nsh is
small (. 20), the likelihood is basically flat, and one typically cannot break the νe-ντ degeneracy with good precision.
When Nsh is large (& 1000), one should take a narrower prior on the νµ fraction to reflect its measurement being
correspondingly better.
The flavor sensitivity is robust against other input choices. For example, the average 1σ uncertainty is virtually
unaffected for a harder neutrino flux of γ = 2, compared to γ = 2.5.
